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Fluorescence recovery after photobleaching( FRAP) is an experimental technique
used to measure the mobility of proteins within the cell nucleus. After proteins
of interest are ﬂuorescently tagged for their visualization and monitoring, a small
region of the nucleus is photobleached. The experimental FRAP data are obtained
by recording the recovery of the ﬂuorescence in this region over time.
In this paper, we characterize the ﬂuorescence recovery curves for diffusing
nuclear proteinsundergoingbinding events with an approximatespatially homoge-
neous structure. We analyze two mathematical models for interpreting the experi-
mentalFRAP data,namelya reaction–diffusionmodelanda compartmentalmodel.
Perturbation analysis leads to a clear explanationof two important limiting dynam-
ical types of behaviore xhibited by experimental recovery curves, namely, (1) a
reduced diffusive recovery, and (2) a biphasic recovery characterized by a fast
phase and a slow phase. We show how the two models, describing the same
type of dynamics using different approaches, relate and share common ground.
The results can be used to interpret experimental FRAP data in terms of protein
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dynamics and to simplify the task of parameter estimation. Application of the
results is demonstrated for nuclear actin and type H1 histone.
c   2004 Society for Mathematical Biology. Published by Elsevier Ltd. All rights
reserved.
1. INTRODUCTION
Oneo ft he major consequences of the sequencing of entire genomes, and the
resulting studies that examine whole genome changes in gene expression, is the
need to address the complexity of the cellular environment (Misteli, 2001; Politz
and Pombo, 2002; Ronen et al., 2002; Bomprezzi et al., 2003; Eils and Athale,
2003; Parada et al., 2003). Fortunately, the cellular compartment that contains
the genome and regulates its expression is an environment that has a less complex
topology than the cytoplasm. Rather than containing a multitude of membrane-
bound structures, the cell nucleus contains only an outer membrane that restricts
the ﬂow of molecules greater than approximately 50 kDa. Because there are no
membrane barriers within the interior of the nucleus, the environment is relatively
homogeneous and accessible by diffusion (Misteli, 2001). Thus, diffusional bar-
riers are not the major inﬂuence on where, when, and how much of a process can
take place within the nucleus. Rather, binding events between smaller molecules,
such as proteins, and larger molecules, such as chromosomes, may be the prin-
cipal determinant of how molecules move through and spatially distribute within
the nucleoplasm (Carrero et al., 2004). Obtaining measurements of the molecular
diffusivity, the binding events, and how, for example, mutations in proteins change
these binding events is a critical stepping stone to quantitative modeling of the
functional dynamics of the genome (Phair and Misteli, 2001; Dundr et al., 2002).
Fluorescence recovery after photobleaching (FRAP) is a technique that has been
applied to living cells to assay the molecular ﬂux of molecules that underlies
their steady-state distribution. In particular, the rate of movement of proteins
through the cytoplasm or nucleus can be assessed. In FRAP experiments, the
biomolecules under study are tagged with ﬂuorescent molecules [e.g., green ﬂuo-
rescent protein (GFP)], for their visualization and monitoring. To study the kinetic
behavior of the population of ﬂuorescent biomolecules that have reached an equi-
librium state, a speciﬁc region of the cell is photobleached irreversibly. That
is, biomolecules in the photobleached region will lose their ability to emit ﬂu-
orescence. This causes a disruption of the steady state of ﬂuorescent proteins,
such that the molecules outside the photobleached region are ﬂuorescent and the
molecules within the photobleached region are nonﬂuorescent. Due to the diffu-
sional exchange between ﬂuorescent and nonﬂuorescent biomolecules, the ﬂuores-
cence in the photobleached region recovers. This recovery is recorded by collect-
ing images of the ﬂuorescently-labeled cell over time. These ﬂuorescence inten-
sity data for the photobleached region are used to plot a normalized ﬂuorescenceCharacterizing FRAP Curves 1517
Figure 1. Fluorescence intensity recovery of type H1 histone after photobleaching a band
of width 1.5 µm across the nucleus of a HeLa cell.
recovery curve of the ﬂuorescence intensity versus time (Fig. 1). The rate at which
ﬂuorescence recovers is determined by the mobility of the biomolecules.
In determining the overall mobility of biomolecules, it has been customary to
use the method proposed by Axelrod et al. (1976), that is, to estimate an effective
diffusion coefﬁcient by ﬁtting the solution of the diffusion equation on an inﬁ-
nite domain to the FRAP data. For example, Phair and Misteli (2000)a p p lied the
method to measure the diffusion coefﬁcients of nucleoplasmic GFP fusion pro-
teins involved in the process of DNA transcription (for example, GFP fused to
high mobility group 17, pre-mRNA splicing factor SF2/ASF, and rRNA process-
ing protein ﬁbrillarin). The method gives satisfactory results provided that the
photobleached area is small relative to the size of the domain and away from the
nuclear membrane. Carrero et al. (2003)d iscussed the inﬂuence of the membrane
and the location of the photobleaching on the estimation of diffusion coefﬁcients
for diffusing biomolecules in a bounded domain, and showed that overestimations
or underestimations can result from ignoring this inﬂuence.
However, the ﬁtting of the diffusion equation to the experimental data might
not be satisfactory. The reason for this is that most functional nuclear proteins
undergo interactions with subcellular structures, affecting the recovery of ﬂuores-
cence. For example, we shall see in Section 5 that the ﬂuorescence recovery curves
obtained from FRAP measurements on nuclear actin exhibit a behavior that cannot
be explained by simple diffusion.
FRAP experiments have shown that nuclear proteins can migrate about 50-fold
to 100-fold slower than predicted based on their molecular weight and on the
diffusion of inert molecules (e.g., green ﬂuorescent protein) in the nucleoplasm
(Kruhlak et al., 2000; Phair and Misteli, 2000). This reduced mobility is a direct
consequence of binding interactions with macromolecules or structures, such as
chromatin or interchromatin domains within the nucleoplasm, that are sufﬁciently
large that they do not diffuse signiﬁcant distances on the timescale of the FRAP1518 G. Carrero et al.
experiment (Lever et al., 2000; Misteli et al., 2000; Hendzel et al., 2001; Stenoien
et al., 2001; Carrero et al., 2004). Therefore, it would be meaningful and biolog-
ically informative to incorporate these interactions into mathematical models that
can be used to ﬁt the experimental data.
In this paper, we examine two models that incorporate the assumption that ﬂuo-
rescent proteins undergo binding and unbinding events with an approximate spa-
tially homogeneous structure. The ﬁrst model consists of a system of reaction–
diffusion equations, and was introduced in the context of cytoplasmic actin dynam-
ics by Tardy et al. (1995)a n dMcGrath et al. (1998). In their work, they solved
the model explicitly in order to interpret photoactivated ﬂuorescence (PAF) mea-
surements of cytoplasmic actin dynamics and estimate the dynamical parameters
involved. By using the explicit solution of the model they identiﬁed two phases
in the steady-state dynamics of cytoplasmic actin, namely a diffusing phase that
describes the random walk movement of monomeric actin, and a turnover phase
that describes the interaction of monomers with actin ﬁlaments. We will demon-
strate, using perturbation analysis, not only that this type of dynamical behavior
can be rigorously explained with no necessity of solving the model explicitly, but
also that other types of behavior are possible. The second model is a compartmen-
tal model that describes the same dynamics as the ﬁrst one but in terms of different
parameters. It was introduced by Carrero et al. (2003, 2004), motivated by the fact
that FRAP experimental data are only time dependent. The model consists of a
system of linear ordinary differential equations, and provides a method that simpli-
ﬁest he task of parameter estimation. Nevertheless, as with the reaction–diffusion
model, there is not yet a complete and rigorous analysis of the compartmental
model that could provide a qualitative characterization of the different types of
behavior for FRAP data.
Thus, the present work will focus on providing a simple and comprehensive char-
acterization of the dynamical behavior of these two models in the context of FRAP
experiments in the cell nucleus. The models and their assumptions are summa-
rized in Section 2.I n Section 3,w ed evelop the main contribution of this work,
namely, we use perturbation analysis to characterize the behavior of the ﬂuores-
cence recovery curves for biomolecules whose dynamics is described by the two
models. The analysis will lead to a mathematically formal and elegant explana-
tion of two important limiting dynamical types of behavior exhibited by experi-
mental ﬂuorescence recovery curves, namely, (i) a reduced diffusive recovery, in
which the recovery curve looks like the one produced by a single slower diffusing
population, and (ii) a biphasic recovery, distinguished by a fast phase and a slow
phase. This characterization of the ﬂuorescence recovery curves will allow for a
better understanding and interpretation of the experimental data and will simplify
the task of parameter estimation whenever possible. Furthermore, since the two
models aim to describe the same dynamics with slightly different approaches, we
will show in Section 4 how they can be related in order to ﬁnd a common ground
between them. In Section 5,t he results are applied to quantify the dynamics of twoCharacterizing FRAP Curves 1519
nuclear proteins, namely actin and histone H1. We conclude with a discussion in
Section 6.
2. THE MATHEMATICAL MODELS
In this section, we will review the two alternative models that have been intro-
duced inorder toquantify thedynamics ofﬂuorescent nuclear proteins thatundergo
binding and unbinding events with a subcellular structure. Both models are based
on the following assumptions:
(i) The subcellular structure, to which ﬂuorescent proteins bind in a reversible
manner, is assumed to be spatially homogeneously distributed and immobile
on the timescale of molecular movement and FRAP experiments.
(ii) The ﬂux in or out of the cell nucleus of ﬂuorescent proteins during the FRAP
experiment is negligible.
(iii) There is conservation of mass during the FRAP experiment, i.e., there is no
net growth of the ﬂuorescent population.
(iv) The unbound ﬂuorescent proteins are free to diffuse.
(v) There are sufﬁciently many binding sites that saturation effects are not
present.
(vi) The photobleaching is performed on a ﬂuorescent population that is assumed
to have reached a uniform steady-state distribution.
(vii) The proﬁle of the photobleaching is given by an approximately centered nar-
row band across the cell nucleus.
(viii) The ﬂuorescence intensity in a nuclear region is proportional to the ﬂuores-
cent population size.
2.1. The reaction–diffusion model. On the basis of these assumptions, the ﬁrst
model to be studied is the following well-known linear system of reaction–diff-
usion equations for reversible reactions subject to Neumann (no-ﬂux) boundary
conditions:
∂
∂t
u(x,t) = D
∂2
∂x2u(x,t) − kbu(x,t) + kuv(x,t), x ∈ (0,l), t > 0,
∂
∂t
v(x,t) = kbu(x,t) − kuv(x,t), x ∈ (0,l), t > 0,
∂u
∂x
=
∂v
∂x
= 0, x = 0,l, t > 0,
u(x,0) = f (x), v(x,0) = g(x), x ∈ (0,l),
(1)
where u and v represent the concentrations of the ﬂuorescent populations of bio-
molecules free to diffuse and bound to the immobile structure, respectively, D is
the diffusion coefﬁcient of the unbound species, kb and ku represent the binding and1520 G. Carrero et al.
Figure 2. The shape of the cell nucleus is approximated with a rectangle of length l,a n d
thep roﬁleo ft he photobleaching is a narrow band of width 2h, centered on the x axis at c.
unbinding rates, respectively, t represents time, x is the spatial coordinate of posi-
tion in the spatial domain, and f (x) and g(x) are the initial conditions of ﬂuores-
cent unbound and bound species immediately after photobleaching, respectively.
The spatial domain in equation (1)i sone-dimensional. This reduced dimension
is a straightforward consequence of approximating the shape of the domain (e.g.,
the cell nucleus) with a rectangle of length l,a nd using the assumption that the
proﬁle of the photobleaching is a narrow band of width 2h, centered at c (Fig. 2).
Using assumptions (vi) and (vii), the length l can be approximated in terms of the
ﬂuorescence intensity of the nucleus before photobleaching, F0,a n di mmediately
after photobleaching, Fa,b y
l = 2h
F0
F0 − Fa
. (2)
On the basis of the steady-state solution of the reaction–diffusion equations (1),
and assumptions (v) and (vi), the initial condition for (1)i se xpressed, without loss
of generality, as
f (x) =

0, |x − c|≤h,
1
1+k, |x − c| > h,
and g(x) =

0, |x − c|≤h,
k
1+k, |x − c| > h,
(3)
where k =
kb
ku,a n d 1
1+k and k
1+k represent the proportions of unbound and bound
populations, respectively.
Tardy et al. (1995)a p p lied equation (1)i nt he context of photoactivated ﬂuo-
rescence (PAF) experiments to model the dynamics of cytoplasmic actin, which
is found either in diffusing globular form or in bound ﬁlamentous form. The
authors solved the system of reaction–diffusion equations (1)e xplicitly, and used
the solution to interpret the biphasic behavior of PAF data on cytoplasmic actin.Characterizing FRAP Curves 1521
In Section 3,w ew ill give a formal mathematical explanation for the biphasic
behavior using perturbation analysis. Also, the analysis will offer a very simple
theoretical recovery curve that will simplify the task of parameter estimation.
Carrero et al. (2004)a p p lied equation (1)t om odel the dynamics of histone H1,
which can be found either bound to the chromatin structure or unbound and free to
diffuse. The authors ﬁtted the explicit solution to the FRAP data of histone H1. In
this case, the data did not exhibit a biphasic behavior, but instead the ﬂuorescence
recovery looked like one produced by a single, slowly diffusing, population of
molecules. Since the proportion of bound molecules was much lower than biolog-
ically expected, the authors hypothesized that the slow recovery was due to a large
proportion of weakly bound molecules. The results in Section 3 are consistent with
this hypothesis. Speciﬁcally, it is shown that the ﬂuorescence recovery curve pro-
duced by a weakly bound population is similar to the ﬂuorescence recovery curve
of a single slowly diffusing population.
2.2. The compartmental model. The second model that has been used to descri-
be the dynamics of nuclear proteins undergoing binding–unbinding events is a lin-
ear compartmental model, which wasmotivated by the fact that FRAPdata are only
time dependent (Carrero et al., 2003, 2004). When photobleaching a narrow band,
the two populations (bound and unbound) occupy three physical compartments
within the cell nucleus, namely, the photobleached region C0,t he left unbleached
region C1,a nd the right unbleached region C2 [Fig. 3(a)]. Following the dynamics
illustrated in Fig. 3(b), the compartmental model can be written as the following
system of ordinary differential equations:
˙ u0 =− 2D1u0 + D2u1 + D2u2 − kbu0 + kuv0,
˙ u1 = D1u0 − D2u1 − kbu1 + kuv1,
˙ u2 = D1u0 − D2u2 − kbu2 + kuv2,
˙ v0 = kbu0 − kuv0,
˙ v1 = kbu1 − kuv1,
˙ v2 = kbu2 − kuv2,
(4)
where the dot denotes the derivative with respect to time t, u0, u1,a n du2 repre-
sent the populations of diffusing ﬂuorescent molecules in C0, C1,a n dC2,r espec-
tively, v0, v1,a n dv2 represent the populations of ﬂuorescent molecules bound to
the immobile structure in C0, C1,a n dC2,r espectively, kb is the rate of binding of
molecules to the immobile structure, ku is the rate of unbinding of molecules from
the structure, D1 is the fractional diffusional coefﬁcient for transfer from compart-
ment C0 to compartment C1 or C2,a n dD2 is the fractional diffusional coefﬁcient
for transfer from compartments C1 and C2 to compartment C0.N o t et hat the ﬂuo-
rescence in the photobleached compartment C0 before photobleaching is F0 − Fa,1522 G. Carrero et al.
Figure 3. (a) Three compartments are formed during FRAP experiments: the photo-
bleached region C0,t he left unbleached region C1,a nd the right unbleached region C2.
(b)T he compartmental model describing the dynamics of ﬂuorescent proteins undergoing
binding and unbinding events, after photobleaching a narrow band across the cell nucleus.
u0, u1,a n du2 represent the populations of diffusing ﬂuorescent molecules in C0, C1,a n d
C2,r e s p ectively, v0, v1,a n dv2 represent the populations of ﬂuorescent molecules bound
to the immobile structure in C0, C1,a n dC2,r e s p ectively, kb and ku are the binding and
unbinding rates, and D1 and D2 are the fractional diffusional transfer coefﬁcients.
whereas it is Fa/2i neach of the unbleached compartments C1 and C2.T hus, the
fractional diffusional transfer coefﬁcients D1 and D2 can be described in terms of
just one parameter Dt, called the diffusional transfer coefﬁcient, as follows:
D1 =
Fa/2
Fa/2 + F0 − Fa
Dt =
r
2 −r
Dt,
D2 =
F0 − Fa
Fa/2 + F0 − Fa
Dt = 2
1 − r
2 − r
Dt,
(5)
where
r =
Fa
F0
. (6)
Assuming, without loss of generality, that photobleaching is performed on an
equilibrium state (¯ u, ¯ v) = (u0,u1,u2,v 0,v 1,v 2) that satisﬁes u0 +u1 +u2 +v0 +
v1 + v2 = 1, the initial condition that reﬂects the experimental setting is given by
(¯ u0, ¯ v0) =

0,
1
1 + k
r
2
,
1
1 + k
r
2
,0,
k
1 + k
r
2
,
k
1 + k
r
2

. (7)
The compartmental model (4)h a sb een applied in the context of FRAP experi-
ments to the dynamics of nuclear actin (McDonald et al., 2004). In particular, the
ﬁtting of the solution of the compartmental model to the FRAP data was used to
obtain meaningful biological information, such as the proportions of nuclear actin
in globular and ﬁlamentous forms, and to interpret the biphasic behavior of the
FRAP curves. In Section 3,i nt h esame way as for the reaction–diffusion model
(1), we will give a formal mathematical explanation for the biphasic behavior using
perturbation analysis, and obtain a very simple theoretical recovery curve to ﬁt theCharacterizing FRAP Curves 1523
experimental FRAP data and estimate the dynamical parameters. The results will
be applied to the dynamics of nuclear actin in Section 5.
2.3. Theoretical ﬂuorescence recovery curves. From the explicit solutions of
(1)a n d( 4), theoretical ﬂuorescence recovery curves that are used to ﬁt the exper-
imental FRAP data can be obtained. The theoretical recovery curve derived from
the reaction–diffusion equation (1)i sobtained by integrating the total ﬂuorescent
population over the photobleached region, i.e.,
R(t) =
 c+h
c−h
[u(x,t) + v(x,t)]dx, (8)
and normalizing the result. The theoretical recovery curve derived from the com-
partmental model (4)i sobtained by summing up the populations in the photo-
bleached region, i.e.,
R(t) = u0(t) + v0(t), (9)
and normalizing afterwards. Thus, solving the reaction–diffusion model (1) and the
compartmental model (4) explicitly provides analytical expressions for ﬁtting the
experimental FRAP data, allowing for an estimation of all the model parameters.
Explicit solutions and data ﬁtting procedures are explained indetail inCarrero etal.
(2003, 2004).
Thee xplicit solutions offer little in terms of explaining two important limiting
dynamical types of behavior exhibited by experimental recovery curves, namely,
ar e d u ced diffusive recovery and a biphasic recovery characterized by a fast phase
and a slow phase. In the next section, we give a formal and satisfactory explanation
of these qualitative behaviors.
3. CHARACTERIZING THE QUALITATIVE BEHAVIOR OF FRAP CURVES
WITH PERTURBATION ANALYSIS
When the dynamics of the ﬂuorescent proteins are governed by both diffusion
and binding–unbinding events, the ﬂuorescence recovery data can exhibit distin-
guished qualitative types of behavior depending on the relative magnitude of the
parameters kb and ku.W ew ill classify these behaviors into limiting cases, and ana-
lyze them using perturbation theory. The ﬁrst case will cover the trivial behavior,
in which the bound population can be neglected; the second case will explain the
overall reduced mobility or reduced diffusive behavior caused by rapid association
and dissociation events; and the third case will clarify the origin of the biphasic
behavior of the ﬂuorescence recovery curves caused by a slow turnover of binding
events. The analysis offers a characterization of the qualitative behavior of FRAP
curves and provides simple expressions for ﬁtting the experimental data on nuclear
proteins undergoing binding–unbinding events.1524 G. Carrero et al.
3.1. Trivial behavior. Assume that kb = εγb   ku,w h e r eε   1. This means
that the proportion of bound ﬂuorescent population k
1+k can be neglected, and one
would expect only diffusion to play a role in the ﬂuorescence recovery.
Reaction–diffusion model. We rewrite the reaction–diffusion system (1)i nt e r m s
of ε:
∂
∂t
u(x,t) = D
∂2
∂x2u(x,t) − εγbu(x,t) + kuv(x,t), x ∈ (0,l), t > 0,
∂
∂t
v(x,t) = εγbu(x,t) − kuv(x,t), x ∈ (0,l), t > 0,
∂u
∂x
=
∂v
∂x
= 0, x = 0,l, t > 0,
u(x,0) = f (x), v(x,0) = g(x), x ∈ (0,l),
(10)
where the initial conditions f (x) and g(x) are given by (3), also in terms of ε.
Byapproximating thesolution (u,v)ofthe problem (10)w iththe straightforward
expansion
u(x,t) ∼
∞ 
n=0
ε
nun(x,t), v(x,t) ∼
∞ 
n=0
ε
nvn(x,t), (11)
the following leading-order problem is obtained:
∂
∂t
u0(x,t) = D
∂2
∂x2u0(x,t) + kuv0(x,t), x ∈ (0,l), t > 0,
∂
∂t
v0(x,t) =− kuv0(x,t), x ∈ (0,l), t > 0,
∂u0
∂x
=
∂v0
∂x
= 0, x = 0,l, t > 0,
u0(x,0) = f (x), v0(x,0) = g(x), x ∈ (0,l),
(12)
where the initial conditions are given by
g(x) = 0, f (x) =

0, |x − c|≤h,
1, |x − c| > h.
(13)
The second equations in (12)a n d( 13)i m p l ythat v0(x,t) = 0, and hence the
dynamics of the total population c(x,t) = u(x,t) + v(x,t) in equation (1) can be
approximated by the simple diffusion equation
∂
∂t
c(x,t) = D
∂2
∂x2c(x,t), x ∈ (0,l), t > 0,
∂c
∂x
= 0, x = 0,l, t > 0,
c(x,0) = f (x), x ∈ (0,l),
(14)Characterizing FRAP Curves 1525
where the initial condition f (x) is given by equation (13). By integrating the solu-
tion of equation (14) overt he photobleached region, subject to the initial condition
(13), the normalized recovery curve can be approximated by
R(t) ∼ 1 −
l2
h(l − 2h)
∞ 
n=1
exp

−
n2π2
l2 Dt

S
2
n, (15)
where
Sn =
1
nπ

sin

nπ(c − h)
l

− sin

nπ(c + h)
l

. (16)
Compartmental model. Similarly, the dynamics of the total population c(t) =
(c0(t),c1(t),c2(t)) = (u0(t)+v0(t),u1(t)+v1(t),u2(t)+v2(t)) are governed by
the simple diffusional compartmental model
˙ c0 =− 2D1c0 + D2c1 + D2c2,
˙ c1 = D1c0 − D2c1,
˙ c2 = D1c0 − D2c2,
(17)
with an initial condition
¯ c0 = (0,r/2,r/2), (18)
where r is as in equation (6). By normalizing the solution c0, one obtains the
following approximation for the recovery curve:
R(t) ∼ 1 − exp

−
2Dt
2 −r
t

. (19)
Note that the recovery curves (15)a n d( 19) account only for the effect of the
diffusion, since the bound population is being neglected, and they do so by means
of two different parameters, namely the diffusion coefﬁcient, D,a n dt h ed i f fusional
transfer coefﬁcient Dt (Fig. 4). We will develop a relationship between these two
parameters in Section 4.
3.2. Reduced diffusive behavior. Assume in this case that kb =
γb
ε and ku =
γu
ε ,
where ε   1. This assumption implies that both the average residency time
of biomolecules in bound form, τr = 1
ku,a n dt h ea v e rage wandering time of
biomolecules between binding events, τw = 1
kb,a r es m all. In other words, the
turnover of bound biomolecules is fast. In the context of chemical kinetics, this
type of reaction, in which an immobilized reactant forms very rapidly compared to
the diffusion process, is called instantaneous reaction (Crank, 1975).1526 G. Carrero et al.
Figure 4. (a) The simulated recovery curve obtained from equation (15)w ith D =
0.05µ2 s−1, l = 6µ,a n dh = 1µ.( b ) T h e s i m ulated recovery curve obtained from
equation (19)w ith Dt = 0.05 s−1,a n dr = 0.67.
Reaction–diffusion model. We will show that the ﬂuorescence recovery curve
obtained from the reaction–diffusion equation (1) can be approximated by the one
produced by a single population moving randomly with an effective diffusion coef-
ﬁcient Deff = D
1+k.A dding the ﬁrst and second equations in (1), and using the
assumptions that kb =
γb
ε and ku =
γu
ε ,t h er eaction–diffusion system (1) can be
rewritten as
∂
∂t
(u(x,t) + v(x,t)) = D
∂2
∂x2u(x,t), x ∈ (0,l), t > 0,
ε
∂
∂t
v(x,t) = γbu(x,t) − γuv(x,t), x ∈ (0,l), t > 0,
∂u
∂x
=
∂v
∂x
= 0, x = 0,l, t > 0,
u(x,0) = f (x), v(x,0) = g(x), x ∈ (0,l).
(20)
If we consider a perturbation expansion for u(x,t) and v(x,t) of the form
u(x,t) ∼
∞ 
n=0
ε
nun(x,t), v(x,t) ∼
∞ 
n=0
ε
nvn(x,t), (21)
the leading-order system is
∂
∂t
(u0(x,t) + v0(x,t)) = D
∂2
∂x2u0(x,t), x ∈ (0,l), t > 0,
0 = γbu0(x,t) − γuv0(x,t), x ∈ (0,l), t > 0,
∂u0
∂x
=
∂v0
∂x
= 0, x = 0,l, t > 0,
u0(x,0) = f (x), v0(x,0) = g(x), x ∈ (0,l).
(22)Characterizing FRAP Curves 1527
From the second equation in (22), we obtain the quasi-steady state relation v0(x,t)
= ku0(x,t).S ubstituting this into the ﬁrst equation, we obtain
∂
∂t
u0(x,t) =
D
1 + k
∂2
∂x2u0(x,t),
∂
∂t
v0(x,t) =
D
1 + k
∂2
∂x2v0(x,t). (23)
Therefore, the leading-order approximation c0(x,t) = u0(x,t) + v0(x,t) for the
dynamics of the ﬂuorescent population is governed by the diffusion equation
∂
∂t
c0(x,t) = Deff
∂2
∂x2c0(x,t), x ∈ (0,l), t > 0,
∂c0
∂x
= 0, x = 0,l, t > 0,
c0(x,0) = h(x), x ∈ (0,l),
(24)
where the initial condition is given by
h(x) =

0, |x − c|≤h,
1, |x − c| > h,
(25)
and the effective diffusion coefﬁcient is given by
Deff =
D
1 + k
< D. (26)
Thus, the approximated recovery curve derived from system (1)w h e nt he turnover
binding process is fast compared to the diffusion process is given by
R(t) ∼ 1 −
l2
h(l − 2h)
∞ 
n=1
exp

−
n2π2
l2 Defft

S
2
n, (27)
where Sn is given by equation (16).
Comparing this last expression to the one in (15)e xplains whythe recovery curve
produced by a ﬂuorescent population moving randomly with a diffusion coefﬁcient
D,a n di n teracting at a rapid turnover rate with a homogeneous immobile structure,
would be similar to the one produced by a single population moving randomly with
an effective diffusion Deff that has been reduced by a factor equal to the proportion
of unbound molecules [Fig. 5(a)].
Compartmental model. Assuming an analogous perturbation expansion for the
solution (u0,u1,u2,v 0,v 1,v 2) of the compartmental model (4), one can conclude
that its leading-order problem is given by the diffusional compartmental model
˙ c0 =− 2
D1
1 + k
c0 +
D2
1 + k
c1 +
D2
1 + k
c2,
˙ c1 =
D1
1 + k
c0 −
D2
1 + k
c1,
˙ c2 =
D1
1 + k
c0 −
D2
1 + k
c2,
(28)1528 G. Carrero et al.
Figure 5. (a) The solid curve is the simulated recovery curve of a ﬂuorescent popula-
tionm ovingr andomly with a diffusion coefﬁcient D = 0.05µ2 s−1 [equation (15)w ith
l = 6µ,a n dh = 1µ], and the dashed curve is the simulated recovery curve of the same
population that interacts at a rapid turnover rate with a homogeneous immobile structure,
and has a steady-state proportion 1
1+k = 1
3 of diffusing biomolecules. The dashed curve
is equivalent to a recovery curve obtained from a population just moving randomly with
an effective diffusion coefﬁcient Deff = D
1+k = 0.05
3 µ2 s−1 [equation (27)]. (b) The
solid curve is the simulated recovery curve obtained when modeling a diffusing popula-
tion with the compartmental model [equation (17)w ith Dt = 0.05 s−1 and r = 0.67],
and the dashed curve is the same population that interacts at a rapid turnover rate with a
homogeneous immobile structure, and has a steady-state proportion 1
1+k = 1
3 of diffusing
biomolecules [equation (32)].
with an initial condition
¯ c0 = (0,r/2,r/2), (29)
where ¯ c = (c0,c1,c2) is the leading-order term of the perturbation expansion of
the total ﬂuorescent population in each compartment, i.e.,
(u0 + v0,u1 + v1,u2 + v2) ∼ (c0,c1,c2) =¯ c. (30)
Thus, the dynamics of system (4)w hen the turnover binding process is fast is
determined by an effective diffusional transfer coefﬁcient
(Dt)eff =
Dt
1 + k
< Dt, (31)
and the approximated recovery curve is slowed down by a factor equal to the pro-
portion of unbound population [Fig. 5(b)], i.e.,
R(t) ∼ 1 − exp

−
2
(2 −r)
(Dt)efft

. (32)Characterizing FRAP Curves 1529
3.3. Biphasic behavior. In contrast to the previous case, we now assume that
kb = εγb,a n dku = εγu,w h e r eε   1, which implies that both the average
residency time of biomolecules in bound form, τr = 1
ku,a n dt h ea verage wandering
time of biomolecules between binding events, τw = 1
kb,a r elarge. This strength of
binding will cause a slow turnover process compared with the diffusion process.
Using boundary layer theory (Bender and Orszag, 1978), we show that the result-
ing ﬂuorescence recovery curve exhibits two phases in time. The initial phase or
inner recovery, characterized by a fast timescale and determined solely by the dif-
fusion process, is obtained by approximating the solutions of (1)a n d( 4)f o raf ast
timescale, i.e., by ﬁnding inner solutions in time, whereas the last phase of the
recovery or outer recovery, characterized by a slow timescale and determined by
the turnover process, is obtained by approximating the solutions of (1)a n d( 4)f o ra
slow timescale, i.e., by ﬁnding outer solutions in time. In what follows, we present
the leading-order inner and outer solutions for the reaction–diffusion equation (1)
and the compartmental model (4), and match them to ﬁnd an approximate solution
for the ﬂuorescence recovery curve.
Inner solutions for both models. Since the turnover process is slow with respect
to the scale of time t,i ts ufﬁces to rewrite the reaction–diffusion system (1)i n
terms of t and ε in order to obtain its inner problem:
∂
∂t
u(x,t) = D
∂2
∂x2u(x,t) − εγbu(x,t) + εγuv(x,t), x ∈ (0,l), t > 0,
∂
∂t
v(x,t) = εγbu(x,t) − εγuv(x,t), x ∈ (0,l), t > 0,
∂u
∂x
=
∂v
∂x
= 0, x = 0,l, t > 0,
u(x,0) = f (x), v(x,0) = g(x), x ∈ (0,l),
(33)
where the initial conditions f (x) and g(x) are given by (3).
By approximating the solution (uin,v in) of the inner problem (33)w ith the
straightforward expansion
uin(x,t) ∼
∞ 
n=0
εnun(x,t), vin(x,t) ∼
∞ 
n=0
εnvn(x,t), (34)
the following leading-order problem of equation (33)i sobtained:
∂
∂t
u0(x,t) = D
∂2
∂x2u0(x,t), x ∈ (0,l), t > 0,
∂
∂t
v0(x,t) = 0, x ∈ (0,l), t > 0,
∂u0
∂x
=
∂v0
∂x
= 0, x = 0,l, t > 0,
u0(x,0) = f (x), v0(x,0) = g(x), x ∈ (0,l).
(35)1530 G. Carrero et al.
Figure 6. (a) Rin(t) denotes the inner recovery curve (37) obtained when solving the
inner problem (33)i nt he boundary layer (inner region) in time; and Rout(t) denotes the
outer recovery curve (48) obtained when solving the outer problem (42)i nt h eouter region
in time. (b) R(t) denotes the approximated recovery curve (52)c orresponding to the
reaction–diffusion equation (1)w h e nt he turnover process is slow compared to the dif-
fusion process. R(t) is obtained from matching the inner and outer recovery curves shown
in (a).
Thus, to leading order, the inner solution of the reaction–diffusion system (1)i s
given by
uin(x,t) ∼ u0(x,t) =
1
1 + k
(l − 2h)
l
+
2
1 + k
×
∞ 
n=1
exp

−
n2π2D
l2 t

Sn cos
nπx
l
	
,
vin(x,t) ∼ v0(x,t) = g(x),
(36)
where Sn is as in equation (16), and g(x) as in (3). As expected, the leading-order
inner solution (36) satisﬁes the initial condition for the reaction–diffusion equation
(1), but does not satisfy its asymptotic dynamics as t →∞ .B y i n t e g rating the
inner solution (36) overt he photobleached region, we obtain the inner recovery
curve
Rin(t) ∼
1
1 + k


1 −
l2
h(l − 2h)
∞ 
n=1
exp

−
n2π2
l2 Dt

S2
n

. (37)
Comparing with equation (15), the recovery of the diffusion equation, we see that
when the turnover process is slow; only the fraction 1
1+k of the population is con-
tributing to the initial ﬂuorescence recovery [Fig. 6(a)].
In a similar manner, the exact initial behavior is found for the compartmental
model (4)w hen the turnover process is slow. Speciﬁcally, we obtain the following
leading-order approximation for the inner solution (uin
0 ,vin
0 ) of the population inCharacterizing FRAP Curves 1531
the photobleached region C0,w h e nkb = εγb,ku = εγu,a n dε   1:
uin
0 (t) ∼
1
1 + k
r(1 −r)

1 − exp

−
2Dt
2 −r
t

,
vin
0 (t) ∼ 0.
(38)
Therefore, the inner recovery curve for the compartmental model (4)i sa pproxi-
mated as
Rin(t) ∼
1
1 + k

1 − exp

−
2Dt
2 −r
t

. (39)
Outer solutions for both models. In order to capture the behavior of the slow
turnover process, we introduce the following slow variable (or outer variable in
time):
τ = εt, (40)
which ‘shrinks’ the inner layer in time where diffusion governs the dynamics of
the ﬂuorescence recovery. By letting
U(x,τ)= u(x,t) = u(x,τ/ε), and V(x,τ)= v(x,t) = v(x,τ/ε), (41)
the system (1) can be rewritten as the following outer problem:
ε
∂
∂τ
U(x,τ)= D
∂2
∂x2U(x,τ)− εγbU(x,τ)
+εγuV(x,τ), x ∈ (0,l), τ > 0,
ε
∂
∂τ
V(x,τ)= εγbU(x,τ)− εγuV(x,τ), x ∈ (0,l), τ > 0,
∂U
∂x
=
∂V
∂x
= 0, x = 0,l,τ > 0,
U(x,0) = f (x), V(x,0) = g(x), x ∈ (0,l).
(42)
Approximating the solution of the outer problem (42)w ith the straightforward
expansion
Uout(x,τ)∼
∞ 
n=0
εnUn(x,τ), Vout(x,t) ∼
∞ 
n=0
εnVn(x,τ), (43)
the leading-order problem of equation (42)i sg i v e nb y
0 = D
∂2
∂x2U0(x,τ), x ∈ (0,l), τ > 0,
∂
∂τ
V0(x,τ)= γbU0(x,τ)− γuV0(x,τ), x ∈ (0,l), τ > 0,
∂U0
∂x
=
∂V0
∂x
= 0, x = 0,l,τ > 0,
U0(x,0) = f (x), V0(x,0) = g(x), x ∈ (0,l).
(44)1532 G. Carrero et al.
Duet ot he no-ﬂux boundary condition, the solution for U0 is given by
U0(x,τ)= C, (45)
where C is a constant to be determined. As expected for the outer solution, U0
will not satisfy the initial condition f (x),a n dt h esecond equation in system (44)
becomes
∂
∂τ
V0(x,τ)= γbC − γuV0(x,τ). (46)
Note that the solution V0 does not depend explicitly on the spatial variable. How-
ever, the constant C (and therefore V0)w ill depend on whether the initial condition
g(x) for V0 is considered in the bleached region or in the unbleached region. Since
our interest focuses on the behavior of the recovery curve in the bleached region,
we will consider the solution for V0 in the bleached region as well. More specif-
ically, equation (46)i ss ubject to the initial condition V0(x,0) = 0. Thus, the
solution of the outer problem (42)i nt he bleached region is given, up to leading
order, by
Uout(x,τ)∼ U0(x,τ) = C
Vout(x,τ)∼ V0(x,τ) = kC(1 − e
−γuτ),
(47)
where k = γb/γu,a n dt h eb e h a v ior of the recovery in the outer region is approxi-
mated byt h ef o llowing outer recovery curve [Fig. 6(a)]:
Rout(t) ∼ C
∗ + kC
∗(1 − e
−kut), (48)
where C∗ = l
l−2hC is a constant to be determined.
By following an analogous procedure for the compartmental model (4), it
can be found that its corresponding outer recovery curve is also given by
equation (48).
Asymptotic match and ﬁnal approximation. In order to ﬁnd the value of C (and
thus of C∗), we match the inner and outer solutions in the overlapping region
between the inner and outer regions. Note that the intermediate limits of the solu-
tions in the bleached region of the outer problem (42)a r eg i v e nb y
lim
ε→0
Uout(x,εt) = C,
lim
ε→0
Vout(x,εt) = lim
ε→0
C(1 − e−γuεt) = 0,
(49)
and the intermediate limits of the solutions in the bleached region of the inner
problem (33)a r eg i v e nb yCharacterizing FRAP Curves 1533
lim
ε→0
uin(x,εt) = lim
ε→0

1
1 + k
(l − 2h)
l
+
2
1 + k
×
∞ 
n=1
exp

−
n2π2Dτ
l2ε

Sn cos
nπx
l
	
=
1
1 + k
(l − 2h)
l
,
lim
ε→0
vin(x,εt) = lim
ε→0
|x−c|≤h
g(x) = 0.
(50)
In order for the inner and outer solutions to match asymptotically, the intermedi-
ate limits given by equations (49)a n d( 50)h a v et oc oincide (Bender and Orszag,
1978). Therefore, C = 1
1+k
(l−2h)
l ,a n dt h el eading-order approximation for the
solution of the system (1)i nt he photobleached region when kb = εγb, ku = εγu,
and ε   1i sg i v e nb y
u(x,t) ∼ uin(x,t) + Uout(x,εt) − lim
ε→0
Uout(x,εt),
v(x,t) ∼ vin(x,t) + Vout(x,εt) − lim
ε→0
Vout(x,εt).
(51)
By integrating the leading-order approximation for the total population u(x,t) +
v(x,t) obtained in equation (51) overt he bleached region, and normalizing the
result, we have that C∗ = 1
1+k,a nd that the recovery curve corresponding to the
reaction–diffusion equation (1)i sa pproximated by
R(t) ∼
1
1 + k


1 −
l2
h(l − 2h)
∞ 
n=1
e
−(
nπ
l )
2DtS
2
n

  
Diffusion phase
+
k
1 + k
(1 − e
−kut)
  
Turnover phase
. (52)
This recovery curve exhibits a biphasic behavior, which is illustrated in Fig. 6(b).
Theﬁ rst term of expression (52), which corresponds to the inner solution of equa-
tion (1), is responsible for the fast recovery phase in the inner region produced by
the proportion 1
1+k of the population that is diffusing rapidly, and the second term,
which corresponds to the outer solution of equation (1), describes the slow recov-
ery phase in the outer region produced by the turnover of the population that is
bound.
Similar matching of the inner and outer solutions of the compartmental model
(4)l eads to the following approximate normalized recovery curve:
R(t) ∼
1
1 + k
(1 − e−2Dtt/(2−r))
  
Diffusional phase
+
k
1 + k
(1 − e−kut)
  
Turnover phase
. (53)1534 G. Carrero et al.
Note that the second term in equation (53)i si d e ntical to the second term in equa-
tion (52), which provides evidence for the strong relationship between the turnover
phase of the compartmental model (4)a n dt h a tof the reaction–diffusion system
(1). In the next section, we will show how the diffusional phases of the two models
can also be related by expressing the diffusional transfer coefﬁcient Dt in terms of
the diffusion coefﬁcient D.
4. RELATIONSHIP BETWEEN THE MODELS
From the previous section, it is evident that when the diffusion and the turnover
processes take place on signiﬁcantly different timescales (e.g., a fast diffusion
phase and a slow turnover phase), the reaction–diffusion system (1)a n dt h ec o m -
partmental model (4)p roduce exactly the same quantitative effect on the turnover
phase of the recovery. This is because in both models the binding–unbinding pro-
cess is described in terms of the same parameters, namely, a binding rate kb and
an unbinding rate ku.B ut this is not the case for the diffusion process, which is
described in terms of different parameters, namely, a diffusion coefﬁcient D for
the reaction–diffusion model (1), and a diffusional transfer coefﬁcient Dt for the
compartmental model (4). Thus, the natural question of how the diffusional trans-
fer coefﬁcient Dt relates to the diffusion coefﬁcient D arises. In other words, how
is equation (14)r e l ated to equation (17). To answer this question, we apply the
concepts of residency time, transit time (Hardt, 1978a,b), and mean time to capture
(Berg, 1993).
Consider a cell nucleus whose shape is approximated with a rectangle of length l,
and whose photobleaching proﬁle is given by a narrow band of width 2h, cen-
tered on the x axis at c (see Fig. 2). According to the diffusional compartmental
model (17), the average residency times in the bleached region and in each of the
unbleached regions are given, respectively, by
τr1 =
1
2D1
, and τr2 =
1
D2
. (54)
Moreover, in the steady state (c∗
0,c∗
1,c∗
2) of (17), the relation
c∗
0
c∗
0+c∗
1+c∗
2
= 2h
l must
hold, which in turn implies that
D1
D2 = l−2h
2(2h),i . e .,
τr2
τr1
=
2D1
D2
=
l − 2h
2h
. (55)
This ratio between the average residency times was found based on the diffusional
compartmental model (17). We aim to ﬁnd the same ratio from the diffusion equa-
tion (14). If we portray the bleached region as a line segment of length 2h with
open boundaries located at x = 0a n dx = 2h,a n dl e tτr1(x) denote the meanCharacterizing FRAP Curves 1535
Figure 7. (a) The mean residency time τr1(x) of a particle located at x in theb l eached
region is given by τr1(x) = wa(x)+wd(x),w h e r ewa(x) is the mean time of arrival at x,
and wd(x) is the mean time of departure. (b) The mean residency time τr2(x) of a particle
located at x in the unbleached region is given by τr2(x) = va(x) + vd(x),w h e r eva(x) is
the mean time of arrival at x,a n dvd(x) is the mean time of departure.
residency time of a ﬂuorescent particle located at x in the bleached region, then
τr1(x) = wa(x) + wd(x), (56)
where wa(x) is the mean time of arrival to x,i .e., the mean time that a particle
takes to move from one of the open boundaries to the location x in the bleached
region, and wd(x) is the mean time of departure of a particle located at x,i . e ., the
mean time that it takes to leave the photobleached region [see Fig. 7(a)].
First, consider a particle located at x in the photobleached region, and assume,
without loss of generality, that it has come from the left boundary x = 0. The mean
arrival time is given by the transit time (Hardt, 1978a,b), which is the time that it
takes a diffusing particle to move a certain length, i.e.,
wa(x) =
x2
2D
. (57)
Thep article located at x mayl eave the photobleached region at either the right
or the left boundary [see Fig. 7(a)]. Because of the asymmetry, we cannot use
the simple concept of transit time to ﬁnd the mean time of departure. Instead, we
use the concept of mean time to capture (Berg, 1993). More speciﬁcally, if we
consider the random walk of the particle located at x at time t = 0, and allow it to
move to the right or left a distance δ every τ units of time, then at time t = τ,t h e
particle will be at x +δ with probability 1/2, or at x −δ with probability 1/2. The
mean times of departure from these new positions are wd(x + δ) and wd(x − δ),
respectively, and thus the expected value for wd(x) is
wd(x) = τ + 1
2[wd(x + δ)+ wd(x − δ)].
If we subtract wd(x) from both sides, multiply by 2/δ,a n dl e tδ → 0, we obtain
dwd
dx
(x) −
dwd
dx
(x − δ)+
2τ
δ
= 0.1536 G. Carrero et al.
Dividing by δ and noticing that 2τ
δ2 = 1
D,w eobtain the Poisson equation
d2wd
dx2 +
1
D
= 0. (58)
In the bleached region, ﬂuorescent particles could leave from either side, and hence
appropriate boundary conditions are wd(0) = wd(2h) = 0. Therefore, the solution
of (58)i sg i v e nb y
wd(x) =
1
2D
(2hx − x2). (59)
Thus, combining (57)a n d( 59), we ﬁnd that τr1(x) = wa(x) + wd(x) = hx
D ,a n d
then the mean residency time in the bleached region is given by
τr1 =
 2h
0 τr1(x)dx
2h
=
h2
D
. (60)
As i m ilar procedure is followed to ﬁnd the mean residency time τr2 in either
of the unbleached regions. Due to the symmetry of the right and left unbleached
regions, it sufﬁces to consider the right one, that can be portrayed as a line segment
of length l−2h
2 with an open boundary at x = 0a nd a closed boundary at x =
l−2h
2 [see Fig. 7(b)]. In this case, if τr2(x) denotes the mean residency time of a
ﬂuorescent particle located at x in the unbleached region, then
τr2(x) = va(x) + vd(x), (61)
where va(x) represents the mean time of arrival at x,a n dvd(x) represents the mean
time of departure from x [see Fig. 7(b)]. ThePoisson equation, (58), also applies to
vd(x),b ut in this case is subject to a reﬂecting boundary condition, i.e., vd(0) = 0
and
dvd
dx
l−2h
2

= 0. Therefore,
va(x) =
x2
2D
,v d(x) =
1
2D
[(l − 2h)x − x2],
and the mean residency time in the right or left unbleached region is given by
τr2 = 2
 (l−2h)/2
0 τr2(x)dx
l − 2h
=
(l − 2h)2
8D
. (62)
Using (60)a n d( 62), the ratio between the average residency times, based on the
diffusion equation (14), is given by
τr2
τr1
=
(l − 2h)2
2(2h)2 . (63)
Comparing (63)w ith the ratio obtained for the compartmental model, (55), we
notice a difference due to the distinct approaches in modeling. In particular, theCharacterizing FRAP Curves 1537
diffusion equation considers space explicitly and involves a unique parameter D,
whereas the diffusional compartmental model does not consider space explicitly
and involves two parameters D1 and D2.H o w e v e r , t h i s d i f ference can be ‘rec-
onciled’ in order to ﬁnd an empirical relationship between the diffusional transfer
coefﬁcient Dt and the diffusion coefﬁcient D.
Equating the residency times (54) obtained from the diffusional compartmental
model with the residency times (60)a n d( 62) obtained from the diffusion equation,
we obtain
1
2D1
=
h2
D
, and
1
D2
=
(l − 2h)2
8D
. (64)
On the other hand, the fractional diffusional transfer coefﬁcients D1 and D2 can be
expressed in terms of the diffusional transfer coefﬁcient Dt in the following way:
D1 =
l − 2h
l + 2h
Dt, D2 = 2
2h
l + 2h
Dt. (65)
Note that these relations are equivalent to the ones expressed in equation (5), but
given in terms of the longitudes instead of the ﬂuorescences. When these expres-
sions are substituted in equation (64), weobtain two relations between the diffusion
coefﬁcient D and the diffusional transfer coefﬁcient Dt:
(Dt)1 =
2(l + 2h)
(2h)2(l − 2h)
D,( Dt)2 =
2(l + 2h)
h(l − 2h)2 D, (66)
where (Dt)1 and (Dt)2 are the diffusional transfer coefﬁcients obtained from sub-
stituting the ﬁrst and second expressions of equation (65)i ne quation (64), respec-
tively.
Thus, the natural question that arises is which of the relations in equation (66)
should be considered. Note ﬁrst that when the region photobleached is precisely
the middle third of the cell nucleus, i.e., 2h
l = 1
3,t h et w or a tios between the res-
idency times given by equations (55)a n d( 63)a r ee quivalent, as well as the two
relations in equation (66), which would provide the desired relationship between
the diffusional transfer coefﬁcient Dt and the diffusion coefﬁcient D.H o w e v e r ,t h e
photobleached region does not necessarily correspond to one third of the nucleus
size. So, to give an empirical solution to this problem, we take the average between
(Dt)1 and (Dt)2,a n dcall it the diffusional transfer coefﬁcient Dt:
Dt =
(Dt)1 + (Dt)2
2
=

(l + 2h)
(2h)2(l − 2h)
+
(l + 2h)
h(l − 2h)2

D. (67)
This last expression provides a fairly accurate empirical relation between the dif-
fusional transfer coefﬁcient Dt and the diffusion coefﬁcient D when the size of
the photobleached region is close to one third of the cell nucleus. To illustrate
the efﬁcacy of relation (67), we plot in Fig. 8(a) a set of simulated recovery data
obtained from adding noise to the recovery curve coming from a diffusion process1538 G. Carrero et al.
Figure 8. In both ﬁgures the small diamonds represent the simulated recovery data
obtained from adding noise to the recovery curve (15)w ith a ﬁxed diffusion coefﬁcient
D = 0.5µ2 s−1.I n( a) the data is ﬁtted by just plotting the theoretical recovery curve
(19)c o m i n gfrom the diffusional compartmental model (17), with a diffusional transfer
coefﬁcient Dt = 0.62 s−1 obtained from relation (67), and in (b) the data is ﬁtted with
equation (19)u s i n gt h em e t hod of least squares, from which a diffusional transfer coefﬁ-
cient Dt = 0.61 s−1 is obtained.
characterized with a ﬁxed diffusion coefﬁcient D = 0.5µ2 s−1,a n dt h e nplot the
theoretical recovery curve (19)c o m i n gfrom the diffusional compartmental model
(17), with a diffusional transfer coefﬁcient Dt = 0.62 s−1 obtained from rela-
tion (67). To verify that this value for Dt gives a good estimation, we also ﬁt, in
Fig. 8(b), the simulated data with the recovery curve (19)c o m i n gfrom the diffu-
sional compartmental model (17)u sing the method of least squares (Myers, 1986).
This procedure gives an estimate of Dt = 0.61 s−1 for the diffusional transfer
coefﬁcient. Moreover, one could use this estimated value to recover the diffusion
coefﬁcient D,j ust by substituting it in the relation (67). On doing so, one obtains
D = 0.494µ2 s−1,avery accurate estimate for the diffusion coefﬁcient, which
illustrates the effectiveness of relation (67).
The important point to notice is that this last estimated value for the diffusion
coefﬁcient D was obtained just by ﬁtting a simple exponential curve [equation
(19)] to the data, and using the relation (67). Therefore, this relation also provides
as i m p liﬁed method for estimating the diffusion coefﬁcient D.
5. APPLICATION TO NUCLEAR PROTEIN DYNAMICS
In this section, we will employ the results from the perturbation analysis obtained
in the previous sections. We show how the results can be used to interpret different
FRAP data sets and estimate model parameters for nuclear proteins whose dynam-
ics are described with the reaction–diffusion model (1)o rt h ec o m p a rtmental model
(4). In particular, we use data obtained from nuclear actin and type H1 histone.
To illustrate a particular application of the results in the context of nuclear actin,
the protein was tagged with GFP (green ﬂuorescence protein) for its visualization.Characterizing FRAP Curves 1539
Figure 9. Nuclear GFP–actin FRAP data (diamonds), which exhibit a biphasic behavior,
are ﬁtted with equation (53)( s o lid curve), yielding kb = 0.0029 s−1, ku = 0.0131 s−1,
and Dt = 0.4331 s−1,w ith a residualm ean square s2 = 0.000174.
The photobleaching was performed with a band proﬁle of width 2 µm across the
center of the nucleus of HeLa cells. After carrying out a set of FRAP experi-
ments and averaging them, we identiﬁed a biphasic behavior in the normalized
ﬂuorescence recovery measurements shown in Fig. 9.T oi n t e r pret this behavior,
we assume that nuclear actin is present in both globular and ﬁlamentous forms,
and that actin in ﬁlamentous form is homogeneously distributed throughout the
nucleus, forming an immobile structure, while globular actin is free to diffuse.
Moreover, actin molecules can bind to and unbind from the immobile structure
(ﬁlaments) with particular binding and unbinding rates. Under these assumptions,
which are justiﬁed in full detail in McDonald et al. (2004), we are in a position
to use either the reaction–diffusion model (1)o rt h ec o mpartmental model (4)t o
analyze the data. Since the most biologically relevant information to be found con-
cerns the proportions of actin in globular and ﬁlamentous forms, and the behavior
of the recovery is biphasic, we use the compartmental model for interpreting the
data and ﬁt it with the recovery curve given by equation (53). From the ﬁtting,
shown in Fig. 9,w eobtain the following estimated parameters, representing the
binding and unbinding rates, and the diffusional transfer coefﬁcient, respectively:
kb = 0.0029 s
−1, ku = 0.0131 s
−1, Dt = 0.4331 s
−1. (68)
From these estimates, we conclude that the proportions of nuclear actin in globular
and ﬁlamentous form are given by Pb =
kb
ku+kb = 0.18 and Pu =
ku
ku+kb = 0.82,
respectively. Moreover, using the estimation of the diffusional transfer coefﬁcient
Dt,a n dr e lation (67), we also obtained an estimation of D = 0.463µ2 s−1 for the
diffusion coefﬁcient.
The second application of the results is in the context of histone H1 dynam-
ics. Like other chromatin-associated proteins, histone H1 can be either bound
to the chromatin structure (assumed to be spatially homogeneously distributed),1540 G. Carrero et al.
Figure 10. The GFP–histone H1 FRAP data (diamonds) are ﬁtted with the solution of the
reaction–diffusion model (1)( s o lid curve). From the ﬁtting, we obtain that approximately
12% of the population is strongly bound to the chromatin structure with kb = 0.0026 s−1
and ku = 0.0193 s−1 as estimates for the binding and unbinding rates; and that approx-
imately 88% of the population, which diffuses with an effective diffusion coefﬁcient
Deff = 0.073µ2 s−1,i sc onstituted byaweaklybound subpopulation and a freelydiffusing
subpopulation. The residual mean square for the ﬁtting shown here is s2 = 0.000136.
or unbound and free to diffuse throughout the nucleus. To illustrate the applica-
tion, we complement the analysis on the histone H1 FRAP measurements made in
Carrero et al. (2004). Speciﬁcally, we give a wider interpretation of the ﬂuores-
cence recovery data using the results stated there. The FRAP data are shown in
Fig. 10.T h ese data were obtained after tagging GFP to histone H1 in SK–N–SH
human neuroblastoma cells, and photobleaching a narrow band of width 1.5 µmi n
the cell nucleus of estimated length l = 5.6 µm[ see equation (2)]. The procedure
followed in Carrero et al. (2004)w a st oﬁ tthe solution of the reaction–diffusion
equation (1)t ot h ee xperimental FRAP data. From the ﬁtting, it is estimated that
approximately 88% of the population is moving freely with a diffusion coefﬁ-
cient of value 0.073µ2 s−1,a nd the remaining 12% of the population is bound
to the chromatin structure. The estimated diffusion coefﬁcient for the histone H1
appears to be smaller than expected for a diffusing biomolecule of its molecular
weight, and the proportion of bound population is much smaller than biologically
expected. This discrepancy can be explained by attributing the 12% to a fraction
of the population that is strongly bound to the chromatin structure, and interpret-
ing the estimated diffusion coefﬁcient for the other 88% of the population as an
effective diffusion coefﬁcient that accounts for a weakly bound subpopulation and
an actual diffusing subpopulation (Fig. 10). That is, the initial 88% of the recov-
ery exhibits a reduced diffusive behavior (see Section 3), resulting in a recovery
curve that appears to be produced by a single population moving randomly with an
effective diffusion coefﬁcient
Deff =
D
1 + ω
= 0.073µ2 s−1, (69)Characterizing FRAP Curves 1541
where D is the actual diffusion coefﬁcient of the biomolecules, and 1
1+ω is the
steady-state proportion of the population exhibiting reduced diffusive behavior,
that is freely diffusing.
Based on the molecular weight of the fusion protein GFP–histone H1 (∼49 kDa),
theapproximated nuclearviscosity(∼0.0023 Pas),andtheEinstein–Smoluchowski
relation together with Stokes’ law (Doi and Edwards, 1986; Berg, 1993; Howard,
2001), we expect the diffusion coefﬁcient D for the fusion protein in the nucleo-
plasm to be approximately D = 40µ2 s−1.B ys ubstituting this expected diffusion
coefﬁcient, whose order of magnitude is three times that of the effective diffusion
coefﬁcient, we conclude that the steady-state proportion of the histone H1 popu-
lation freely diffusing is less than 0.2%. This implies that almost all the histone
H1 population is bound to the chromatin structure, as expected from its function
in the compaction of chromatin. Moreover, this interpretation of the effective dif-
fusion coefﬁcient is consistent with the current understanding that there is a rapid
exchange of histone H1 on the chromatin structure (Lever et al., 2000). Although
the steady-state proportion of diffusing biomolecules is very small, it is crucial
for the functional dynamics of histone. In particular, if H1 histone proteins were
permanently associated with chromatin it would be more difﬁcult for chromatin
remodeling factors to gain access to chromatin (Dundr and Misteli, 2001). This
small proportion allows histone molecules to move randomly from one binding
site to another on the chromatin structure, and, evidently, it is the reason there is
aﬂ uorescence recovery after photobleaching. We are now in a better position to
understand how mutations in these proteins change their binding events and func-
tional dynamics (Hendzel et al., 2004).
6. DISCUSSION
Thei nterpretation of ﬂuorescence recovery after photobleaching (FRAP) experi-
ments for nuclear proteins undergoing a reversible binding process provides infor-
mation on the spatio-temporal dynamics of the biomolecules. Finding a proper
interpretation depends not only on the available knowledge of the particular molec-
ular behavior of the protein under consideration but also on the mathematical anal-
ysis of the models used to describe the dynamics of the biomolecules.
By applying perturbation analysis to two existing models that have been used to
quantify the dynamics during FRAP experiments of biomolecules that undergo a
reversible binding process with an immobile structure homogeneously distributed
throughout the nucleus, we have provided a formal explanation of two limiting
dynamical types of behavior exhibited by experimental recovery data, namely a
reduced diffusive behavior and a biphasic behavior.W e s h o w e d h ow a rapid
turnover, or rapid exchange of binding proteins in the immobile structure, leads to
aﬂ uorescence recovery curve that looks as though it was produced by a purely dif-
fusing population, but one that is characterized by a reduced diffusion coefﬁcient,1542 G. Carrero et al.
called an effective diffusion coefﬁcient. In contrast, slow exchange of proteins
leads to a biphasic behavior distinguished by a fast recovery phase due to the dif-
fusion process and a slow recovery phase due to the turnover process. The analysis
allowed for a characterization of the behavior of the ﬂuorescence recovery curves,
which in turn put us in a better position to understand and interpret the data, and
simpliﬁed the task of parameter estimation.
Also, we showed how the two models (1)a n d( 4), describing the same type of
dynamic using different approaches, relate and share a common ground. Their
relation provides a simpliﬁed method for estimating the diffusion coefﬁcient D.
We demonstrated that the theoretical characterization of the ﬂuorescence recov-
ery ﬁnds its application in the dynamics of nuclear proteins. More speciﬁcally, we
illustrated the application of the results in the context of nuclear actin dynamics
and histone H1 dynamics. For nuclear actin, we encountered and interpreted the
biphasic behavior of the experimental ﬂuorescence recovery, and concluded that
the FRAP data supports the hypothesis that actin is present in both globular and
ﬁlamentous forms in the nucleus (McDonald et al., 2004). For type H1 histone, we
interpreted the reduced diffusive behavior of its recovery after photobleaching, and
concluded that the FRAP data is consistent with the current biological understand-
ing that there is a rapid exchange of histone H1 on the chromatin structure (Lever
et al., 2000), i.e., that there is a large population weakly bound to the chromatin
structure.
From these applications, it is evident how the task of parameter estimation can be
simpliﬁed for two types of recovery data. If the FRAP data exhibits obvious bipha-
sic behavior, where the turnover phase is slow compared to the diffusion phase,
one can ﬁt the data with either theoretical recovery curve (52)o r( 53). If the FRAP
data does not exhibit biphasic behavior but instead appears as if produced by a
single diffusing population, and one knows ap r i o r ithat the biomolecules under
study are weakly bound to an immobile structure (i.e., the turnover process is very
fast relative to the time of recovery), one could ﬁt the data with the recovery curve
(27), coming from a simple diffusion model, and obtain an effective diffusion coef-
ﬁcient Deff that relates to the real diffusion coefﬁcient D and the parameter k =
kb
ku
as in equation (26). Thus, if one knew the actual diffusion coefﬁcient D of the
free biomolecules then it would be possible to calculate the proportion of bound
biomolecules that is causing the reduced overall mobility, and, conversely, if one
knew the proportion of bound biomolecules, then it would be possible to estimate
the diffusion coefﬁcient D of free biomolecules.
When one falls in one of the two previous cases, the parameter estimation does
not require the explicit solution for the reaction–diffusion equation (1)o rt h ec o m -
partmental model (4). The great advantage of this stems not only from the simplic-
ity of the approximated theoretical recovery curves (27), (32), (52), or (53) used
to ﬁt the data, but also from the fact that these theoretical recovery curves allow
one to appraise the contribution of the dynamical processes involved, namely the
random walk movement and the turnover binding–unbinding process. In general,Characterizing FRAP Curves 1543
if the ﬂuorescence recovery does not exhibit clearly any of the previous behaviors,
then one can use the explicit solution of equation (1)o r( 4)t oobtain a theoretical
recovery curve to ﬁt the data (Carrero et al., 2004).
Thei m portance of studying the functional interactions of proteins in the nucleus
directly by monitoring the molecular ﬂux of molecules at steady state using FRAP
and mathematical modeling lies in the fact that quantitative differences in the bind-
ing afﬁnity of proteins are believed to be the basis for developmental regulation of
gene expression and the resultant differentiation of cells into different cell types
and tissues. In this paper, we offer a mathematical analysis that enriches the inter-
pretation of FRAP data and simpliﬁes the task of obtaining measurements of the
mobility of proteins and their binding interactions. These results promise to be a
useful tool for quantifying the effect of mutations in proteins, which is a critical
stepping stone for understanding the functional dynamics of the genome.
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